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Abstract. We describe a Thompson-like group of homeomor- 
phisms of the Basilica Julia set. Each element of this group acts 
as a piecewise-linear homeomorphism of the unit circle that pre- 
serves the invariant lamination for the Basilica. We develop an 
analogue of tree pair diagrams for this group which we call arc 
pair diagrams, and we use these diagrams to prove that the group 
is finitely generated. We also prove that the group is virtually 
simple. 



1. Introduction 

In the 1960's, Richard J. Thompson introduced three infinite groups 
F, T, and V. Each of these groups consists of piecewise-linear home- 
omorphisms, with F acting on the unit interval, T acting on the unit 
circle, and V acting on the Cantor set. Because of their simple def- 
initions and unique array of properties, these groups have attracted 
significant attention from geometric group theorists. 

One of the puzzling aspects of Thompson's groups is the fact that 
there are precisely three of them. Most groups of interest in geometric 
group theory arise in large infinite families, but the Thompson groups 
do not fit into any obvious larger framework. For this reason, there 
have been many attempts to generalize these groups, including Hig- 
man's groups G n , r [ID] , Brown's groups F n ^ r and T n ^ r [I] , the piecewise- 
linear groups of Bieri and Strebel [1] and Stein [12], the braided ver- 
sion of V studied independently by Brin |3] and Dehornoy [6J, the 
two-dimensional version of V described by Brin [2J, and the diagram 
groups of Guba and Sapir [9]. 

The definitions of the three Thompson groups depend heavily on the 
self-similar structure of the spaces on which these groups act. For ex- 
ample, each half of the unit interval is similar to the whole interval, as 
is each quarter or eighth. For this reason, it is natural to ask whether 
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there are Thompson-like groups associated with other self-similar struc- 
tures, such as fractals. 

In this paper we define a Thompson-like group Tb that acts by home- 
omorphisms on the Basilica Julia set (the Julia set for the quadratic 
polynomial z 2 — 1). Each element of this group can be described as a 
piecewise-linear homeomorphism of the unit circle that preserves the 
invariant lamination for the Basilica, as defined in [13] • This group is 
finitely generated, and it possesses an analogue of tree-pair diagrams 
which we refer to as "arc pair diagrams" . 

For simplicity, we have restricted our investigation to the Basilica. 
We expect that most of our results generalize easily to other Julia 
sets with similar structure to the Basilica, such as the Douady rabbit. 
Unfortunately, it is not clear how to best generalize the definition of 
Tb to quadratic Julia sets whose laminations have a more complicated 
structure. We would ultimately like to associate a Thompson group to 
every quadratic Julia set, in such a way that T is associated with the 
circle (the Julia set for z 2 ), F is associated with the line segment (the 
Julia set for z 2 — 2), and V is associated with disconnected quadratic 
Julia sets (which are always homeomorphic to the Cantor set). 

Finally, we should point out that our group Tb is different from the 
"Basilica group" introduced by R. Grigorchuk and A. Zuk [8]. The 
latter is the same as the iterated monodromy group [TTJ of the Basilica 
polynomial, and does not act on the Julia set itself. It is not clear 
what, if any, relationship exists between the Basilica group and our 
group T B . 

This paper is organized as follows. In Section 2 we briefly review 
the definition and properties of Thompson's group T. In Section 3 
we give the necessary background on the Basilica Julia set and its 
corresponding invariant lamination. In Section 4 we define the elements 
of the group T B using arc pair diagrams. In Section 5 we prove that 
Tb forms a group, and we characterize the elements of Tb among all 
piecewise-linear homeomorphisms. Section 6 describes an isomorphism 
between a subgroup of Tb and Thompson's group T. In Section 7 we 
show that Tb is finitely generated, and in Section 8 we prove that Tb 
is virtually simple. 



2. Thompson's Group T 

In this section we briefly review the necessary background on Thomp- 
son's group T. See [5] for a more thorough introduction. 
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Let S 1 denote the unit circle, which we identify with R/Z. Suppose 
we cut this circle in half along the points and 1/2, as shown in the 
following figure: 




We then cut each of the resulting intervals in half: 




and then cut some of the new intervals in half: 




Continuing in this way, we obtain a subdivision of the circle into finitely 
many intervals. Any subdivision obtained in this fashion (by repeatedly 
cutting in half) is called a dyadic subdivision. 

The intervals of a dyadic subdivision are all of the form 

' k k + 1 

for some k G Z and m G N. Intervals of this form are called standard 
dyadic intervals, and any endpoint of a standard dyadic interval is 
called a dyadic point on the circle. It is easy to see that any sub- 
division of the circle into standard dyadic intervals is in fact a dyadic 
subdivision. 

A dyadic rearrangement of the circle is any orientation-preserving 
piecewise-linear homeomorphism / : S 1 — >■ S 1 that maps linearly be- 
tween the intervals of two dyadic subdivisions. Such a homeomorphism 
can be specified by a pair of dyadic subdivisions, together with a bijec- 
tion between the intervals that preserves the counterclockwise order. 
Three such rearrangements are shown in Figure [T} 

The following proposition characterizes dyadic rearrangements: 

Proposition 2.1. Let f : S 1 — >• S 1 be a piecewise-linear homeomor- 
phism. Then f is a dyadic rearrangement if and only if it satisfies the 
following conditions: 

(1) The derivative of each linear segment of f has the form 2 m for 
some m G Z. 

(2) Each breakpoint of f maps a dyadic point in the domain to a 
dyadic point in the range. □ 
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Figure 1. Three dyadic rearrangements of the circle. 
We have used a dot in each case to indicate a corre- 
sponding pair of intervals in the domain and range. 



It is easy to see from this proposition that the dyadic rearrangements 
of the circle form a group under composition. This group is known as 
Thompson's Group T. The following theorem summarizes some of 
the basic properties of this group, most of which are proven in [3]: 

Theorem 2.2. 

(1) T is finitely generated. In particular, T is generated by the three 
dyadic rearrangements shown in Figure\l\ 

(2) T is finitely presented, and indeed has type Foo jl]. 

(3) T is simple. 

(4) T acts transitively on the dyadic points of the circle. 

(5) The stabilizer under T of any dyadic point is isomorphic to 
Thompson's group F. 

3. The Basilica 

In this section, we briefly review the definition of the Basilica Julia 
set and its relation to the Basilica lamination. See [13] for further 
information. 

Let p: C — > C be the polynomial function p(z) = z 2 — 1. If z £ C, 
the orbit of z under p is the sequence 

z, p(z), p(p(z)), p(p(p(z))), .... 

The filled Julia set for p is the subset of the complex plane consisting 
of all points whose orbits remain bounded under p. This set is shown 
in Figure [2]A.. The Julia set for p is the topological boundary of the 
filled Julia set, as shown in Figure [2j3. This Julia set is known as the 
Basilica, and will be denoted by the letter B. 

The complement of the Basilica consists of an exterior region, to- 
gether with infinitely many interior regions, which we refer to as com- 
ponents of the Basilica. Each of these components is a topological 
disk, and two of these components are said to be adjacent if they 
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(a) The filled Julia set (b) The Basilica 

Figure 2. The filled Julia set and Julia set for z 2 - 1. 



have a boundary point in common. Among the components, the most 
important is the large central component, which contains the origin 
of the complex plane. 

The exterior region E for the Basilica is an open annulus. By the 
Riemann Mapping Theorem, this region is conformally equivalent to 
the complement C\D 2 of the closed unit disk. Indeed, there exists a 
unique conformal homeomorphism $ : E — > C\D 2 making the following 
diagram commute: 

E^^E 



C\D 2 > C\D 2 

z 2 

The homeomorphism $ is known as the Bottcher map for the Basil- 
ica. A sketch of this map is shown in Figure [3] 





Figure 3. The Bottcher map $ from the exterior of the 
Basilica to the complement of the closed unit disk. 
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5/8 2/3 17/24 3/4 19/24 5/6 7/8 



Figure 4. External rays for the Basilica. Each ray is 
labeled by the angle of the corresponding radial segment. 



The preimages of radial lines under the Bottcher map are known as 
external rays. Several of these are shown in Figure |4j with each ray 
labeled by the corresponding angle. (By convention, we label angles 
with real numbers from to 1.) Each external ray lands at a point 
on the Basilica, which defines a continuous surjection ip from the unit 
circle S 1 to the Basilica B. This map fits into a commutative diagram: 



S 1 


- S 1 










• 


■ 






B 


- B 



The map ip is not one-to-one. For example, the external rays for 1/3 
and 2/3 end at the same point of the Basilica (see Figure and 
therefore ^(1/3) = ^(2/3). 

Since the circle is compact, the map ^ is a quotient map, and there- 
fore the Basilica is a quotient of the circle. The corresponding equiv- 
alence relation can be described using an invariant lamination (see 
Figure pi), which we refer to as the Basilica lamination. This lami- 
nation consists of the closed unit disk D 2 , together with a hyperbolic 
arc (or leaf) connecting each pair of points on the boundary circle that 
are identified in the Basilica. For example, there is an arc from 1/3 
to 2/3 in the Basilica lamination because the external rays for these 
angles land at the same point. More generally, there is an arc in the 
lamination between the points 

3k -1 , 3k + 1 
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13/24 



11/24 




FIGURE 5. The Basilica lamination. 



for all k G Z and n > 0. 

The complementary components of the Basilica lamination are known 
as gaps. Each of these corresponds to a component of the Basilica. In- 
deed, the filled Julia set can be described as the quotient of the closed 
unit disk obtained by contracting each arc of the lamination to a single 
point. Note then that two gaps correspond to adjacent components 
if and only if the closures of the gaps intersect along an arc of the 
lamination. 

4. Dyadic Rearrangements of the Basilica 
Consider the arcs {1/3,2/3} and {1/6,5/6} in the unit disk: 



These arcs divide the unit circle into four subintervals, namely [1/6, 1/3], 
[1/3,2/3], [2/3,5/6], and [—1/6,1/6]. Each of these intervals supports 
its own primary arc, which subdivides the interval with ratios 1:2: 1. 
We add these arcs to our diagram: 
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Together, these six arcs divide the circle into twelve subintervals. Again, 
each of these intervals supports a primary arc, and we add some of these 
arcs to our diagram: 




Continuing in this way, we obtain a finite collection of arcs, which we 
refer to as an arc diagram. By definition, every arc diagram must 
include at least the two arcs {1/3,2/3} and {1/6,5/6}. 

Any arc diagram divides the unit circle into finitely many intervals, 
each of which has the form 

'3k + 1 3k + 2' 

_ 3 ■ 2 n ' 3-2™ 

for some k,n G {0,1,2,...}. We refer to intervals of this form as 
standard intervals. It is easy to see that any subdivision of the unit 
circle into standard intervals can be obtained from some arc diagram. 

We can think of an arc diagram as a 2-complex, with the arcs and in- 
tervals as edges and the regions as faces. We say that two arc diagrams 
are isomorphic if there exists an orientation-preserving isomorphism 
between the corresponding complexes. 

Given an isomorphism tp : T> — > 1Z between two arc diagrams, we can 
define a piecewise-linear homeomorphism / : S 1 — > S 1 by sending each 
interval of T> linearly to the corresponding interval of 1Z. Note that such 
a homeomorphism necessarily preserves the Basilica lamination, and 
therefore acts as a self- homeomorphism of the Julia set. We will refer 
to such a homeomorphism as a dyadic rearrangement of the Basilica. 
In Section 5 we will prove that the set of dyadic rearrangements of the 
Basilica forms a group. 




FIGURE 6. An isomorphic pair of arc diagrams. The 
dots indicate a corresponding pair of points. 



3Jfe - 1 3A; + 1 
3 • 2 n+1 ' 3 • 2 n+1 
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Figure [6] shows an isomorphism between two arc diagrams, which in 
turn defines a dyadic rearrangement of the Basilica. We will refer to 
a picture of this kind as an arc pair diagram. Note that we have 
marked a corresponding pair of points in the domain and range to 
specify the isomorphism. 

In Section 7, we will prove that the group of dyadic rearrangements of 
the Basilica is generated by four elements a, (3, 7, and 5. The following 
example introduces these elements: 

Example 4.1. Let a, (3, 7, and 5 be the dyadic rearrangements defined 
by the arc pair diagrams in Figure [7| The following table lists the 
breakpoints for the corresponding piecewise-linear homeomorphisms: 



Name Domain Breakpoints Range Breakpoints 



a 1/3, 2/3 1/6, 5/6 

(3 1/6, 2/3, 17/24, 5/6 1/6, 7/24, 1/3, 5/6 

7 1/6, 7/24, 29/96, 1/3 1/6, 19/96, 5/24, 1/3 



The homeomorphism 5 is corresponds to the linear function 9 1— > 9+1/2, 
which has no breakpoints. 

Figure [8] shows the actions of a, (3, 7 and S on the Basilica. Geomet- 
rically, a fixes the right and left endpoints of the Basilica, and slides 
each component along the real axis one step to the right. Both (3 and 
7 permute the components adjacent to central component. Note that 
7 acts as the identity on the part of the Basilica not shown in Figure [8j 
Lastly, 5 acts as a 180° rotation of the Basilica around the origin. 



5. The Group T b 

Let Tb be the set of all dyadic rearrangements of the Basilica. In 
this section, we characterize the elements of Tb among all piecewise- 
linear homeomorphisms of the circle. Using this characterization, we 
will prove that Tb forms a group under composition. 

As we have seen, every element of Tg can be defined using an arc 
pair diagram. However, the arc pair diagram for a given dyadic re- 
arrangement is not necessarily unique. 
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Figure 8. The actions of a, j3, 7, and 5 on the Basilica. 
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® 

Figure 9. An expansion of an arc pair diagram. The 
arcs to be added are drawn as dashed lines. 

Definition 5.1. An expansion of an arc pair diagram is obtained 
by attaching primary arcs to a corresponding pair of intervals in the 
domain and range (see Figure [9]). The inverse of an expansion is called 
a reduction. An arc pair diagram is reduced if it is not subject to 
any reductions. 

Expansions and reductions do not change the underlying piecewise- 
linear homeomorphism — they simply correspond to adding or removing 
unnecessary subdivisions of the domain and range intervals. 

Proposition 5.2. Every element of Tb has a unique reduced arc pair 
diagram. 

Proof. Let / 6 Tg. Given a standard interval /, we say that I is regular 
if / is linear on /, and the image /(I) is also a standard interval. The 
domain intervals of any arc pair diagram for / must be regular, and 
any subdivision of the domain into regular intervals determines an arc 
pair diagram. In particular, an arc pair diagram for / is reduced if 
and only if each of the regular intervals in its domain is maximal under 
inclusion. 

Now, for any pair of standard intervals, either one is contained in the 
other or the two intervals have disjoint interiors. It follows that any 
two maximal regular intervals have disjoint interiors, so there can be 
only one subdivision of the circle into maximal regular intervals. □ 

Given the reduced arc pair diagrams for two dyadic rearrangements 
ft 9 S Tb, there is a simple algorithm to compute an arc pair diagram 
for the composition g o /, as illustrated in the following example: 

Example 5.3. Suppose we wish to compute an arc pair diagram for 
the composition /3 o a, starting with the arc pair diagrams for a and f3 
shown in Figure [7j The first step is to expand the arc pair diagram for 
a until the range diagram for a contains the domain diagram for j3: 
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Next, we expand the arc pair diagram for (3 so that the domain diagram 
for j3 is the same as the range diagram for a: 




Finally, we construct an arc pair diagram for (3 o a using the domain 
diagram for a and the range diagram for j3: 




The isomorphism between these two arc diagrams is obtained by com- 
posing the isomorphisms from the expanded arc pair diagrams for a 
and f3. 

It is possible to use the above algorithm to prove that Tb is a group. 
However, we will take a different approach: 

Theorem 5.4. Let f be a piecewise-linear homeomorphism of the cir- 
cle. Then f induces a dyadic rearrangement of the Basilica if and only 
if it satisfies the following requirements: 

(1) The Basilica lamination is invariant under f . 

(2) Every breakpoint of f is the endpoint of an arc in the lamina- 
tion. 

In particular, T B forms a group under composition. 

Proof. The forward direction follows from the definition of a dyadic re- 
arrangement of the Basilica. For the converse, recall that the endpoints 
of the arcs of the Basilica lamination all have the form 



(1) 



fc+1 k + 2 

or , 

3 • 2 m 3 • 2 m 
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where k G Z and m G {0,1,2,...}. Each linear segment of / must 
preserve this set of points, and must therefore have the form 

(2) 9 ^ 2? (e + 

for some j, m, n G Z. 

Now, let M be the maximum value of m that appears in formulas 
(1) and (2) for the breakpoints and linear segments of /. Let V be any 
dyadic subdivision of the unit circle into standard intervals of length 
less than 1/2 M . Then / must be linear on each interval of T>, and each 
of these intervals maps to a standard interval under /. The images of 
the intervals of V form a dyadic subdivision 1Z of the range, and / maps 
linearly between the intervals of V and 1Z. Moreover, since / preserves 
the arcs of the Basilica lamination, / must induce an isomorphism 
between the arc diagrams for T> and TZ, and therefore / is a dyadic 
rearrangement. □ 

Remark 5.5. As discussed in the proof of this theorem, each linear 
segment of an element of Tg has the form 

6 h-> 2 n 6 + d 

where n G Z and d is a dyadic rational. However, the breakpoints of 
such an element are not dyadic rationals, so elements of T B do not act 
in the circle in the same way as elements of Thompson's group T. 

On the other hand, the group Tg is isomorphic to a subgroup of T. 
In particular, consider the group T(3) of all piecewise-linear homeo- 
morphisms of the circle satisfying the following conditions: 

(1) The derivative of each linear segment has the form 2 m for some 
m G Z. 

k 

(2) The coordinates of each breakpoint have the form - ^ n f° r 
some k,n G Z. 

Then T(3) is isomorphic to Thompson's group T, since it it conjugate 
to T in the group of all piecewise-linear homeomorphisms of the cir- 
cle. Each element of T# acts on the circle as an element of T(3), and 
therefore Tb is isomorphic to a subgroup of Thompson's group T. 



6. The Central Component 

Consider the central component C of the Basilica Julia set. This 
component is a quotient of the central gap in the Basilica lamination, 
i.e. the gap containing the center point of the disk. In particular, C is 
obtained from the central gap by collapsing each of the infinitely many 
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central arcs that surround this gap. We can label these central arcs 



using the dyadic rationals, as shown in Figure [10]/\. 

Each central arc corresponds to a single point in the boundary dC 
of C the central component. These points are dense in dC, as shown 
in Figure [T0)3. Therefore, the labeling of the central arcs by dyadics 
induces a well-defined homeomorphism from dC to the unit circle. In 
particular, we obtain a canonical action of Thompson's group T on dC 

Remark 6.1. It possible to use the Riemann Mapping Theorem to de- 
fine the homeomorphism dC — > S 1 directly, without reference to the 
invariant lamination. In particular, consider the Riemann map from 
C to the unit disk that sends to with derivative 1, as shown in 



Figure 11 This map extends to the boundary, and the resulting home- 



omorphism from dC to the circle is the same as the one defined above. 

As we shall see, the action of Thompson's group T on DC is closely 
related to the action of Tg on the Basilica. In particular, consider the 
following two subgroups of T B : 

Definition 6.2. 

(1) The stabilizer of C, denoted stab(C), is the group of all ele- 
ments of To that map the central component C to itself. 

(2) The rigid stabilizer of C, denoted rist(C), is the group of all 
elements of Tg that have an arc pair diagram consisting solely 
of central arcs. 



Every element of the stabilizer maps C to itself, and therefore the 
group stab(C) acts on dC by homeomorphisms. The rigid stabilizer 
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Figure 11. A Riemann map on the central component. 



rist(C) is a subgroup of stab(C). Though we have defined it using 
arc pair diagrams, rist(C) can also be characterized as the group all 
elements of stab(C) that extend conformally to the interiors of the non- 
central components of B. It is "rigid" in the sense that an element of 
rist(C) is determined entirely by its action on dC. 

The following theorem describes the action of these groups on the 
boundary of the central component: 

Theorem 6.3. Each element of stab(C) acts on dC as an element of 
Thompson's group T . In particular, rist(C) acts on dC as an isomor- 
phic copy ofT. 

Proof. Consider first an element / G rist(C). For example, / could be 
the following element: 




Note that / must have the same number of central arcs in its domain 
and range diagrams. These arcs correspond precisely to the cut points 
for two dyadic subdivisions of the circle: 




This correspondence clearly defines an isomorphism r: rist(C) — > T. 
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Next, observe that the action of an element / G rist(C) on the central 
arcs on the Basilica lamination is precisely the same as the action of 
t(/) on the dyadic points of the circle. Since the images of the central 
arcs are dense in dC, it follows that / acts on dC in exactly the same 
way as r(/). 

Finally, observe that if g is any element of stab(C), then g acts on dC 
in exactly the same way as some element / G rist(C). Specifically, an 
arc pair diagram for / can be obtained by removing all of the non- 
central arcs from an arc pair diagram for g. For example, the following 
element of stab(C) acts on dC in precisely the same way as the element 
/ G rist(C) shown above: 



9 





□ 

Corollary 6.4. The group rist(C) is generated by the elements (5, 7, 



and 5 defined in Example 4-1 



Proof. These three elements act on dC in the same way as the three 
generators for Thompson's group T shown in Figure [TJ □ 



Remark 6.5. Theorem |6.3| shows that Tb contains an isomorphic copy 
of Thompson's group T. This has a few basic consequences: 

(1) Tb contains a non-abelian free group of rank two. 

(2) Tb contains a free abelian group of infinite rank. 

It follows from (1) that Tb has exponential growth, and is not amenable. 



Remark 6.6. It follows from Theorem 6.3 that stab(C) splits as a 
semidirect product: 

stab(C) = fix(C) x T 

where fix(C) is the group of all elements of stab(C) that restrict to the 
identity on dC. 

Though we shall not prove it here, stab(C) is actually isomorphic to 
a direct limit of iterated wreath products: 

T — > FIT — > FlFlT — ► ••• 

where T acts on the dyadic points of the circle, and F denotes Thomp- 
son's group F acting on the dyadic points in the interval (0, 1). Note 
that each of the wreath products above is a restricted wreath product, 
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i.e. a semidirect product whose first component is an infinite direct sum 
of groups. 



7. Generators 
In this section we prove the following theorem: 
Theorem 7.1. The group Tb is generated by the elements {a,/3,7,5} 



defined in Example 4-1 



We will need the following lemma: 

Lemma 7.2. The group (a, /3, 7, 5) acts transitively on the gaps of the 
Basilica lamination. 

Proof. Define the depth of each gap in the Basilica lamination to be 
the number of arcs separating it from the central gap. Thus the central 
gap has depth zero, adjacent gaps have depth one, and so forth. 

Let R n be any gap of depth n. We will show that R n can be mapped 
to the central gap using an element of (a,(3,j,5). We proceed by 
induction on n. 

If n = then R n is already the central gap and we are done. 
Otherwise, R n is connected to the central gap Ro through a path 
Ro, Ri, . . . , Rn of pairwise adjacent gaps. 

Consider the gap R±, which borders the central gap along a central 
arc A. Now, recall from Section 6 that the group {(3,^,5) acts on the 
central arcs in the same way that Thompson's group T acts on the 
dyadic points of the unit circle. In particular, the group (f3, 7, 5) acts 
transitively on the central arcs, so there exists an element / G 7, 5) 
for which f(A) is the arc {1/3,2/3}. Then f(Ri) must be the gap 
directly to the left of the central gap, so (a o f)(Ri) is the central gap. 
Then (a o f)(Ri), . . . , (a o f)(R n ) is a path of pairwise adjacent gaps, 
where (a o f)(Ri) is the central gap, and therefore (a o f)(R n ) has 
depth n — 1. By our induction hypothesis, it follows that (a o f)(R n ) 
can be mapped to the central gap, and therefore R n can as well. □ 



Proof of Theorem 7.1. Let / £ Tg. By the lemma, we may assume 
that / maps the central gap to itself, i.e. that / G stab(C). We must 
show that / G (a, 0,j,5). Let n be the total number of arcs in the 
reduced arc pair diagram for /. We proceed by induction on n. 

Note that n > 4, since the arcs {1/3,2/3} and {1/6,5/6} must 
appear in both the domain and range diagrams. The base case is 
n = 4, for which / must be either the identity or the element 5, both 
of which lie in {a, (3, 7, 5). 
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Suppose that n > 5. Since / G stab(C), the action of / permutes 
the central arcs of the lamination, so any arc pair diagram for / must 
map central arcs to central arcs. For example, the reduced arc pair 
diagram for / may look like 



P2 




where P 1; . . . , P 4 and Qi, ■ ■ ■ ,Qa denote the arcs in the indicated sec- 
tions of the diagram. 

Now, the permutation of the central arcs is determined by the action 
of / on the boundary of the central component. By the results of the 
previous section, there exists an element g G 7, 5) that permutes 
the central arcs in the same way: 




P2 Q2 




Pi Qa 



Note that h has at most n arcs in its reduced arc pair diagram. It 
suffices to prove that h G (a, j3,j, 8). We shall prove this using two 
cases: 

Case 1: h has non-central arcs in more than one section. 

Let Ai, . . . , A m be the central arcs in the arc pair diagram for h, and 

suppose that h has non-central arcs behind more than one A^. Then 
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we can express h as a composition h±o ■ ■ ■ o h m , where each hi has the 
same central arcs as h, but has non-central arcs only in the section of 
the diagram bounded by A^. For example, the element hi might have 
the following arc pair diagram: 



P2 Q2 




Then each hi must have fewer than n arcs. By induction, it follows 
that each hi G (a, f3,j,5), and therefore h G (a, 7, 5) as well. 

Case 2: h has non-central arcs in only one section. 
Suppose that all of the non-central arcs of h lie behind a single central 
arc A, and let r be the element of ((3, 7, 5) that cyclically permutes the 
central arcs of h: 




Then r J (A) = {1/6,5/6} for some exponent j. Let k — r 3 ' o h o r~ J . 
Note that we can conjugate h by r 3 without expanding h, so k has at 
most n arcs. Moreover, all of the non-central arcs of k lie to the right 
of {1/6, 5/6}. It suffices to prove that k G (a, (3, 7, 5). 
Consider the reduced arc pair diagram for k: 




If k is the identity, we are done. Otherwise, both P and Q must 
contain the arc {1/12,5/12}, as indicated in the picture. In this case, 
we can conjugate k by a without performing any expansions of k. The 
resulting arc pair diagram for a^ 1 o k o a has the form: 
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We can now cancel the arcs {5/12, 7/12} in the domain and range to 
yield an arc pair diagram for a -1 o k o a with fewer than n arcs. By 
our induction hypothesis, it follows that k G (a,fi,j,5). □ 

Remark 7.3. Now that we have shown that Tg is finitely generated, we 
would like to know whether it is finitely presented. Though F, T, and 
V are finitely presented, it seems that the proof for these groups does 
not generalize to Tb- As a result, we suspect that Tb is not finitely 
presented. 



8. The Commutator Subgroup 

In this section we investigate the commutator subgroup [T B ,T B ] of 
Tb- First, consider the two-coloring of the components of the Basilica 



shown in Figure 12 This two-coloring is related to dynamics: if p(z) = 
z 2 — 1, then pop has attracting fixed points at and —1, and the colors 
represent the basins of attraction for these fixed points. 

Theorem 8.1. The commutator subgroup [Tg,Tg] is the index-two 
subgroup of Tb consisting of all elements that preserve the two-coloring 




Figure 12. The two-coloring of the components of the 
Basilica. 



A THOMPSON GROUP FOR THE BASILICA 



21 



of the components of the Basilica. This group is generated by the ele- 
ments {/3,7,5,/3 a ,7 Q ,5 Q }. 

Proof. Define a homomorphism 7r: T B — > Z/2Z by 7r(/) = if / pre- 
serves the coloring of the components, and 7r(/) = 1 if / switches the 
two colors. Since Z/2Z is abelian, we know that [Tb, Tb] < ker(7r). We 
wish to show that ker(7r) < [Tb, Tb]. 

By Schreier's Lemma, ker(7r) is generated by the six elements in the 
statement of the theorem together with the element a 2 . It is easy to 
check that a 2 = o 5 a , which proves that ker(7r) is generated by the 
six given elements. We must show that each of these elements lies in 
the commutator subgroup. 

From Section 6, we know that (3, 7, and 5 generate a subgroup of Tb 
isomorphic to Thompson's group T. Since T is simple, [T, T] = T, 
so (3, 7, and 5 must be products of commutators in 7, S). Hence 
/3,7, S G [Tb,Tb]- Since [Tb,Tb] is normal in Tb, it follows that 
(3 Q , 7°, 5 a G [T B , T b ], and therefore ker(7r) = [T B , T B ). □ 

Corollary 8.2. The abelianization ofTs is isomorphic to Z/2Z. 

Theorem 8.3. The group [Tb,Tb] is simple. 

Proof. This proof follows the basic outline for the proof of the simplicity 
of T, which in turn is based on the work of Epstein [7] on the simplicity 
of groups of diffeomorphisms. In particular, we use Epstein's double 
commutator trick, together with an argument that Tb is generated by 
elements of small support. 

Let N be a nontrivial normal subgroup of [Tb, Tb]. We wish to prove 
that N — [T B ,T B ]. 

Let / be a non-trivial element of N. Since the dyadic points are 
dense on the unit circle, there must exist some dyadic rational q that is 
not fixed by /. Then there exists a sufficiently small standard interval 
I containing q such that 

• The endpoints of / are joined by an arc in the Basilica lamina- 
tion, and 

• The image interval J = /(J) is disjoint from /. 

Now, consider any pair of elements g,h G Tb with support in /. Since 
/(J) = J, the conjugate / o g^ 1 o f^ 1 has support in J. Then the 
commutator [g, f] — g o f o g^ 1 o / _1 has support in / U J, and agrees 
with g on /. Since h has support in I, it follows that 



[[9,f],h] = [g,h]. 
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The double commutator on the left must be an element of N, and 
therefore [g, h] G N for every pair of elements g,h G Tb with support 
in 7. 

Now, since each arc of the Basilica lamination borders gaps of two 
different colors, the group [Tb,Tb] acts transitively on these arcs. In 
particular, there exists an element k G [T B , T B ] that maps the arc join- 
ing the endpoints of I to {1/3, 2/3}. Then k(I) must be either [1/3, 2/3] 
or [—1/3, 1/3]. Replacing I with a smaller interval if necessary, we may 
assume that k(I) = [—1/3, 1/3]. Conjugating the result of the previous 
paragraph by k, we find that [g, h] G N for any g,h G Tb with support 
on the interval [—1/3, 1/3]. 

Next, recall from Section 6 that the group rist(C) is isomorphic 
to Thompson's group T. Under this isomorphism, the elements of 
rist(C) with support on [—1/3, 1/3] correspond to the stabilizer of 1/2 
in T, which is a copy of Thompson's group F. Since F is not abelian, 
there exists at least one pair of elements g,h G rist(C) with support in 
[—1/3, 1/3] for which [g, h] is nontrivial. Then [g, h] lies in both N and 
rist(C), so the intersection iV Prist (C) is a nontrivial normal subgroup 
of rist(C). But rist(C) = T and T is simple, so N n rist(C) = rist(C), 
and therefore rist(C) < N. 

Now consider the conjugate subgroup rist(C) Q , which can be inter- 
preted as the rigid stabilizer of the component immediately to the left 
of the central component. If we choose I so that k(I) = [1/3,2/3], we 
can use the same argument as before to show that iV n rist(C) a has a 
nontrivial element, and therefore rist(C) Q < N. 

So far we have proven that rist(C) U rist(C) Q C N. However, the 
group rist(C) is generated by (3, 7, and 5, while rist(C) Q is generated by 
/3 a , 7", and 5 a . Since these six elements generate [T B , T B ], we conclude 
that N contains all of [Tb,T b ], and therefore [T B ,T B ] is simple. □ 

Note that this proof does not actually require that the subgroup iV 
be contained in [Tb,Tb]- Indeed, this proof shows that [Tb,Tb] is the 
only nontrivial proper subgroup of T B that is normalized by [T B ,T B }- 
In particular: 

Corollary 8.4. The commutator subgroup [Tb,Tb] is the only nontriv- 
ial proper normal subgroup o/Tb- 

Since any finite-index subgroup of T B must contain a normal sub- 
group of finite index, we also obtain: 

Corollary 8.5. The commutator subgroup [T B ,T B ] is the only proper 
finite-index subgroup of T B ■ 
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